
CS 70 Discrete Mathematics and Probability Theory
Fall 2025 Sabin, Hug HW 07 (Optional)

Due: Saturday, 10/18, 4:00 PM
Grace period until Saturday, 10/18, 6:00 PM

Remember to show your work for all problems!

Sundry
Before you start writing your final homework submission, state briefly how you worked on it. Who
else did you work with? List names and email addresses. (In case of homework party, you can just
describe the group.) If you used an LLM, place transcripts of your chats here.

1 Unprogrammable Programs
Note 12 Prove whether the programs described below can exist or not.

(a) A program P(F,x,y) that returns true if the program F outputs y when given x as input (i.e.
F(x) = y) and false otherwise.

(b) A program P that takes two programs F and G as arguments, and returns true if for all inputs
x, F halts on x iff G halts on x (and returns false if this equivalence is not always true).

Hint: Use P to solve the halting problem, and consider defining two subroutines to pass in to
P, where one of the subroutines always loops.

2 Realign
Note 10 AC Transit is reworking their bus numbering system and they need your help. Bus numbers can fit

into one of three categories:

• A letter route, containing either one or two letters (eg. F or NL). If there are two letters, they
must be distinct (FF would not be valid).

• A numbered route with a three digit number (eg. 052 or 800).

• A number or letter route with one of eight suffixes appended: A, B, L, M, R, S, T and X.

With this numbering system, what is the maximum number of routes AC transit can run?

Make sure not to overcount!
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https://www.eecs70.org/assets/pdf/notes/n12.pdf
https://www.eecs70.org/assets/pdf/notes/n10.pdf


3 Unions and Intersections
Note 11 Given:

• X is a countable, non-empty set. For all i ∈ X , Ai is an uncountable set.

• Y is an uncountable set. For all i ∈ Y , Bi is a countable set.

For each of the following, decide if the expression is "Always countable", "Always uncountable",
"Sometimes countable, Sometimes uncountable".

For the "Always" cases, prove your claim. For the "Sometimes" case, provide two examples – one
where the expression is countable, and one where the expression is uncountable.

(a) X ∩Y

(b) X ∪Y

(c)
⋃

i∈X Ai

(d)
⋂

i∈X Ai

(e)
⋃

i∈Y Bi

(f)
⋂

i∈Y Bi

4 Hilbert’s Hotel
Note 11 You don’t have any summer plans, so you decide to spend a few months working for a magical

hotel with a countably infinite number of rooms. The rooms are numbered according to the natural
numbers, and all the rooms are currently occupied. Assume that guests don’t mind being moved
from their current room to a new one, so long as they can get to the new room in a finite amount of
time (i.e. guests can’t be moved into a room infinitely far from their current one).

(a) A new guest arrives at the hotel. All the current rooms are full, but your manager has told
you never to turn away a guest. How could you accommodate the new guest by shuffling
other guests around? What if you instead had k guests arrive, for some fixed, positive k ∈Z?

(b) Unfortunately, just after you’ve figured out how to accommodate your first wave of guests,
a countably infinite number of guests arrives in town on an infinitely long train. The guests
on the train are sitting in seats numbered according to the natural numbers. How could you
accommodate all the new guests?

(c) Thanks to a (literally) endless stream of positive TripAdvisor reviews, word of the infinite
hotel gets around quickly. Soon enough you find out that a countably infinite number of
trains have arrived in town. Each is of infinite length, and carries a countably infinite number
of passengers. How would you accommodate all the new passengers?
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