CS 70 Discrete Mathematics and Probability Theory
Fall 2025 Sabin, Hug HW 13

Due: Monday 12/1, 9:59 PM
Grace period until Monday 12/1, 11:59 PM
Remember to show your work for all problems!

Sundry

Before you start writing your final homework submission, state briefly how you worked on it. Who
else did you work with? List names and email addresses. (In case of homework party, you can just
describe the group.) If you used an LLM, place transcripts of your chats here.

| Short Answer

Note 23 (a) Let X be uniform on the interval [0,2], and define Y = 4X 2 + 1. Find the PDF, CDF, expec-
tation, and variance of Y.

(b) Let X and Y have joint distribution

1

cxy+3 x€[1,2]andy € [0,2]

flx,y) = 4 .
0 otherwise.

Find the constant ¢ (Hint: remember that the PDF must integrate to 1). Are X and Y inde-
pendent?

(c) Let X ~ Exp(3).
(i) Find probability that X € [0, 1].

(ii) LetY = | X |, where the floor operator is defined as: (Vx € [k,k+1))(|x] = k). For each
k € N, what 1is the probability that ¥ = k? Write the distribution of Y in terms of one of
the famous distributions; provide that distribution’s name and parameters.

(d) Let X; ~ Exp(4;) for i = 1,...,n be mutually independent. It is a (very nice) fact that
min(Xy,...,X,) ~ Exp(u). Find u.

2 Darts with Friends

Note 23 Michelle and Alex are playing darts. Being the better player, Michelle’s aim follows a uniform
distribution over a disk of radius 1 around the center. Alex’s aim follows a uniform distribution
over a disk of radius 2 around the center.
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(a) Let the distance of Michelle’s throw from the center be denoted by the random variable X
and let the distance of Alex’s throw from the center be denoted by the random variable Y.

(1) What’s the cumulative distribution function of X?
(i1) What’s the cumulative distribution function of Y?
(iii)) What’s the probability density function of X ?
(iv) What’s the probability density function of ¥Y'?

(b) What’s the probability that Michelle’s throw is closer to the center than Alex’s throw? What’s
the probability that Alex’s throw is closer to the center?

(c) What’s the cumulative distribution function of U = max(X,Y)?

3 Predictable Gaussians

Note 24 Let Y be the result of a fair coin flip, and X be a normally distributed random variable with param-
eters dependent on Y. That is, if ¥ = 1, then X ~ N(y1,07), and if Y = 0, then X ~ N(uo, 0o3).

(a) Sketch the two distributions of X overlaid on the same graph for the following cases:
(i) o5 = Of, to # M1
(ii) o # of o =
(b) Bayes’ rule for mixed distributions can be formulated as P[Y =1 | X = x| = W

where Y is a discrete distribution and X is a continuous distribution. Compute P[Y =1 | X =

x|, and show that this can be expressed in the form of ﬁey for some expression Y. (Hint: any

value z can be equivalently expressed as en())

(c) In the special case where Gg = 612 find a simple expression for the value of x where P[Y =
1| X =x]=P[Y =0| X =x| =1/2, and interpret what the expression represents. (Hint: the
identity (a +b)(a — b) = a? — b*> may be useful)

4 Moments of the Gaussian

Note 24  For a random variable X, the quantity E[X k] for k € N is called the kth moment of the distribution.
In this problem, we will calculate the moments of a standard normal distribution.

(a) Prove the identity

fort > 0.

Hint: Consider a normal distribution with variance % and mean 0.
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(b) For the rest of the problem, X is a standard normal distribution (with mean O and variance 1).
Use part (a) to compute E[X?X] for k € N.

Hint: Try differentiating both sides with respect to ¢, k times. You may use the fact that we
can differentiate under the integral without proof.

(c) Compute E[X%**!] for k € N.
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